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Abstract 

^ . We introduce algebraic sets in the complex projective spaces for the 

H I mixed states in bipartite quantum systems as their invariants under 

local unitary operations. The algebraic sets have to be the union 
of the linear subspaces if the mixed state is separable, and thus we 
give a new criterion of separability. Some examples of the entangled 
mixed states are constructed and studied based on our criterion. Our 
invariants also can be used to distinguish inequivalent mixed states 
under local unitary operations. 

In recent years it became clear that entanglement is one of the most 
important ingredients and resources of quantum infromation processing(see 
[1],[2]), and thus stimulated tremendous studies of quantum entanglements 
of both pure and mixed states from both theoretical and experimental view, 
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for a survey we refer to [3], [8] and [9]. For mixed states, the criterion of 
Peres-Horodecki said that a separable mixed state must necessarily have a 
positive partial transpose (PPT) , and this is also a sufiicent condition for 
separability of mixed states in 2 x 2 or 2 x 3 quantum systems( [5], [6]). It 
is also noted that the mixed entangled states with PPT cannot be distilled 
(bound entanglement). The first several examples of the entangled mixed 
states with PPT are provided in [7]. The context of unextendible prod- 
uct bases was introduced in [10] and [11] as a systematic way to construct 
entangled mixed PPT states in both bipartite and multipartite case. For 
"low" rank PPT mixed states it is proved that they have to be separable 
for both bipartite and multipartite quantum systems ([12], [13], [14]). We also 
should mention the elegant geometric approach for the entanglement of pure 
states in n qubits case in [16], which leads further the concepts and results 
of Schmidt number and coefficients [17]. 

In this letter, we introduce algebraic sets (ie., the zero locus of several 
multi- variable homogeneous polynomials, see [18]) in the complex projective 
space (see [18]) for any given mixed state in a bipartite quantum system with 
the following two properties: 

1) When we apply local unitary operations to the mixed state, the cor- 
responding algebraic sets are changed by a linear transformation, and thus 
these invariants can be used to distinguish inequivalent mixed states under 
local unitary operations; 

2)The algebraic sets are linear (the union of some linear subspaces) if the 
mixed state is separable, and thus we give a new separability criterion. 

From our Theorem 1 below, if the Fubini-Study metric of the complex 
projective space is used, the metric properties of these algebraic sets are 
also preserved when local unitary operations are applied to the mixed state. 
Hence we establish a connection between Quantum Entanglement and both 
the Algebraic Geometry and Hermitian Geometry of these algebraic sets. 
Any algebraic-geometric or Hermitian geometric invariant of the algebraic 
set of the mixed state is an invariant of the mixed state under local unitary 
operations, (see [25]). 



We only treat bipartite case in this letter and the multi-partite case will 
be treated in 



The algebraic sets used in this letter is called "determinant al varieties" 
in algebraic geometry ([18] Lecture 9 and [19] Cha.II) and have been stud- 
ied by mathematicians from different motivations such as geometry of curves 
([19]), Hodge theory ([20]), commutative algebra ([21]) and even combina- 
torics ([22]). It is interesting to see that it can be useful even in quantum 
information theory. For the algebraic geomerty used in this letter and [23] 
we refer to the nice book [18]. 

Let H = C™ C^ and the standard orthogonal base is {\ij >}, where, 
i = 1, ...,171 and j = 1, ...,n, and p is a mixed state on H. We represent the 
matrix of p in the base {|11 >, ...|ln >, ..., \ml >, ..., \mn >}, and consider p 
as a blocked matrix p = {pij)i<i<m,i<j<m with each block pij a n x n matrix 
corresponding to the |?1 >,..., |m > rows and the \jl >,..., \jn > columns. 

Definition l.We define 

Va(p) = {(ri, ...,r„) G CP™-i : det(S,,,r,r*p,,) = 0} 

Similarly Vb{p) C C" can be defined. Here * means the conjugate of complex 
numbers and det means the determinant. 

Example 1. Let p = —Imn, the maximally mixed state, we easily have 
Va{p) = {(^1, ■■■jf^n) '■ det{Tjrir* In) = 0} = 0. This is a trivial example. 

Theorem l.Let T = Ua ® Ub, where Ua and Ub are the local opera- 
tions (ie., unitary linear transformation) on C^ and C^ rescpectively. Then 
VAiT{p)) = UX^{Va{p)), that is Va{p) (resp. Vb{p)) is a "invariant" upto a 
linear transformation of CP^~^ (resp. CP^^~^) of the mixed state p under 
local unitary operations. 

Proof. Let Ua = {uf^)i<i<m,i<j<m, and Ub = {ufj)i<i<n,i<j<n, be the 
matrix in the standard orthogonal bases. Then the matrix of T{p) under 
the standard orthogonal base {\ij >}, where 1 < i < m, 1 < j < n, is 
T(p) = iT.i^kufiUBipik)iU^y{ufk)*)i<i<m,i<j<m- Heuce 



Va{T{p)) = {(ri,...,rj : det{^i^k{^,r,u^){^,r,u^yUB{pik){U%Y) = 0} (1) 



We set r'l = T^iViU^ for / = 1, ...,'m.Then 



= UB{^itr[Ky{p,,){u%y ^'^ 



Thus 



VA{T{py = {in,...,rj : rfet(S,,r|K)*(Afe)) =0} (3) 
and our conclusion follows. 

Remark 1. Since U^^ certainly preserve the Fubini-Study metric of 
(jpm-i^ we know that all metric properties of Va{p) are preserved when the 
local unitary operations are applied to the mixed state p. 

In the following statement, the term "algebraic set " means the zero locus 
of several multi- variable polynomials, (see [18]). 

Theorem 2. Va{p) (resp. Vb{p)) is an algebraic set in CP"^^^ (resp. 
CP^-^). 

Theorem 3. If p is a separable mixed state, Va{p) (resp. Vb{p)) is a lin- 
ear subset ofCP"^~^ (resp. CP"'~^),ie., it is the union of the linear subspaces. 

For the purpose to prove Theorem 2 and 3 we need the following lemmas. 

Lemma 1. We take the orthogonal base {ei,...,eh} of a h dimension 
Hilbert space H . Let p = T^j^^piP^^, where vi is unit vector in H for I = 1, ..., t 
, vi = Tll^^akiCk , A = {aki)i<k<h,i<i<t is the h x t matrix and P^^ is the pro- 
jection to the vector vi. Then the matrix of p with the base {ei,...,e/j} is 
AP{A*y , where P is the diagonal matrix with diagonal entries pi, ...,Ph- 



Proof. We note that the matrix of P^^ with the base is a{a*y where 
a = {an, ...,ahiY is just the representation vector of vi with the base. The 
conclusion follows immediately. 

The following conclusion is a direct matrix computation from Lemma 1 

or see [5], [7]. 

Corollary 1. Suppose pi > 0, then the image of p is the linear span of 
vectors vi, ...,Vt. 

Now let H be the C™ C^ ,{ei, ..., Cmn} be the standard orthogonal 
base {|11 >, ..., |ln >, ..., |ml >, ..., \mn >} and p = Tij^iPiPv^ be a mixed 
state on H. We may consider the mn x t matrix A as a m x 1 blocked 
matrix with each block Ayj, where w = 1, ...,m, a n x t matrix correspond- 
ing to {\wl >,...,\wn >}. Then it is easy to see pij = AiP{A*y, where 
i = 1, ■■■iTi,j = 1, ..., m. Thus 



Srir*p,, = (Sr,A)P(Sr*A*)- (4) 

Lemma 2. llr.ir*pij is a (semi) positive definite n x n matrix. It is sin- 
gular if and only if the rank of (SrjAj) is strictly smaller than n. 

Proof. The first conclusion is clear. The matrix is singular if and only 
if there exist a vector c = (ci, ..., c„) with the property. 



c{i:t,j'*p,,,){c*y = 

{T.ricAi)P{i:rlc*A*Y = ^^ 

Since P is a strictly positive definite matrix,our conclusion follows imme- 
diately. 

Proof of Theorem 2. From Lemma 2 , we know that V^(p) is the zero 
locus of all n X n submatrices of (ErjAj) in the case t > n or the whole space 
C™ in the case t < n. The conclusion is proved. 



Remark 2. Since the determinants of all n x n submatrices of (SrjAj) 
are HOMOGENEOUS polynomials of degree n , thus we can see V^(p)(resp. 
Vb{p)) is an algebraic subset (called determinantal varieties in algebraic ge- 
ometry [18], [19]) in CP™-i(resp. CP"-i). 

Now suppose that the mixed state p is separable, ie, there are unit product 
vectors Oi &i, ...., a^ ® &« such that p = ^^^iqiPai^bi , where gi, ...Qs are pos- 
itive real numbers. Let a„ = a^|l > +... + a™|m >, &„ = &i|l > +••• + b^\n > 
for u = 1, ...,s. Hence the vector representation of a^ bu with the standard 
base is a^ (8>6„ = Sjja^6{|ij >. Consider the corresponding mn x s matrix C 
of Oi &i, ..., Os ^ bs as in Lemma 1, we have p = CQ{C*y, where Q is diag- 
onal matrix with diagonal entries gi, ..., g^- As before we consider C as tti x 1 
blocked matrix with blocks C^,, w = 1, ...m. Here C^ is a n x s matrix of the 
form C^ = {ajb'j)i<i<n,i<j<s = BT^ , where B = {b])i<i<n,i<j<s is a n x s 
matrix and T^ is a diagonal matrix with diagonal entries a^,...,a^. Thus 
from Lemma 1, we have pij = CiQ{C*y = B{TiQ{T*Y){B*y = BTij{B*y, 

where Tij is a diagonal matrix with diagonal entries qia\{aiy, ...,qsa\{a{y . 
Proof of Theorem 3. As in the proof of Theorem 2, we have 

B{T.nr*Ti,yB*y ^"^ 

Here we note T,rir*Tij is a diagonal matrix with diagonal entries 
gi(Sr,oi)(Sr,ai)*,...,gs(Sr,a^)(Sr,a^)*.Thus i:r,r*Pi, = BGQ{G*y{B*y, 
where G is a diagonal matrix with diagonal entries SrjO*]^, ..., SrjO*. Because 
Q is a strictly positive definite matrix, from lemma 2 we know that Srjr*pjj 
is singular nx n matrix if and only if the rank of BG is strictly smaller than 
n. Note that BG is just the multiplication of s diagonal entries of G (which 
is linear forms of ri,...,rm) on the s columns of B, thus the determinants 
of all n X n submatrices of BG (in the case s > n, otherwise automatically 
linear) are the multiplications of a constant (possibly zero) and n linear forms 
of ri, ...,rjn- Thus the conlusion is proved. 

From Theorem 1, 2,3, we can immediately have the following example 
of a continous family of rank 3 (entangled) mixed states pt {t is a complex 



parameter) on 3 x 3 quantum systems with the following properties: 

1) pt is entangled (from Theorem 3) except ((t^ + 2)/t)^ = 0, —216, 27; 

2) Pt and Ps is equivalent under joint unitary operation on H = C\ ® C^, 
but not equivalent if A and B just perform their local unitary operations, 
except k{{t^ + 2)/t) = k{{s^ + 2)/s) ,where k{x) = ^^^7^ ^^ the moduh 
function. 

Example 2. pt = \{Pvi + Pv2 + Pv-a) where 



vi = ,\ (t^lll > +122 > +133 >) 
y/W+^^ III; 

t;2 = 75(112 >+|23>+|31>) (7) 
t;3 = ^(|13>+|21>+|32>) 

It is easy to calculate that T^ViAi is the following 3x3 matrix 



( t 




Thus VA{pt) is defined by t^r\ + r^ + r^ — if" + 2)rir2r3 = in CP"^. 
With tri = r[ we have rf + r2 + r^ ~ {{t^ + 2)/t)r'^r2r^ = 0. This is the 
well-known universal family of elliptic curves (except the special values in 1) 
which correspond to 3 lines, see [27]). The 2nd conclusion of 2) is from the 
fact about the moduli of elliptic curves , which said that two elliptic curves 
are isomorphic if and only if their moduli function values are the same (see 
[27]). 



We can observe that if |t| = |s| , the eigenvalues of Pt,trBipt),t''"AiPt) 
and ps,trB{ps),trA_{ps) are the same, thus their von Neumann eutopics are 
the same. However it is easy to check that the moduli fuction values at 
t = 3a; (u; is a primitive 3-rd root of 1) and s = —3 are not the same. Thus 
we know that p^^ and p__3 have the same spectra and local spectra (thus the 
same von Neumann entropies), but they are not equivalent under local uni- 
tary operations, moreover both p^^^ and p_3 are entangled mixed states. This 
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can be compared with the example in [28]. In [28] two mixed states p and 5 
with the same global and local spectra are given, however p is entangled and 
5 is separable. 

Actually this example has a higher dimensional analogue of Calabi-Yau 
manifolds, the entangled states corresponding this family of Calabi-Yau man- 
ifolds will be studied in [24]. 



C\ 






The following example is a rank 7 PPT mixed state p on H 
We prove it is a entangled mixed state by our Theorem 3 (thus bound entan- 
glement). Actually our construction method is general and can be used to 
contruct more examples with rich algebraic and Hermitian geometric struc- 
ture in their associated algebraic sets (see [24], [25]). 



Example 3. Consider the following 4 6x7 matrices 



Ai 



A, 



/1000000\ 
10 
10 
2 1 
2 

Vooooo2oy 



A, 



1 ° 


1 


1 


-1 








1 \ 


1 





1 














1 


1 

















-1 











1 


1 














1 





1 





I 








1 


1 





o; 



/2000000\ 
110 
110 
2 
110 

V 1 1 / 



,and A4 = (Jg, 0), where Je is 6 x 6 unitary matrix. 

Let A be a 24 X 7 matrix with 4 blocks Ai, A2, A^, Aj^ where the 24 rows 
correspond to the standard base {|ij >},i = l,...,4,j = 1,...,6. Let p be 
(1/D)(A(A*)^) (where D is a normahzing constant), a mixed state on H. It 
is easy to check that Aj(A*)'^ = ylj(A*)'^, hence p is invariant under partial 
transpose. This is a PPT mixed state. 



As in the proof of Theorem 2 it is easy to compute F 
r-iA-i + r^A^. 



r\Ax + r2A2 + 





( ui r2 


r2 -r2 





r2 \ 




^2 u[ 


r2 + rs 










r2 r2 + rg 


m'i 










-r2 


U2 


^2 


r2 ri 







rs 


U2 


^2 + ^3 




\ 


r2 


^2 + ^3 


u'2 y 


, where Mi = r4 + ri + Ir-j, 


, m'i = r4 + rs + ri and 


M2 = T4 + 2' 


r4 + 2ri + 


^3- 









We consider the following matrix F' which is obtained by adding the 7-th 
column of F to the 4-th column of F and adding r2/ri of the 7-th column to 
the 1st column. 



,where vi 



1 vi r2 


^2 











r2\ 


r2 u[ 


^2 + ^3 














r2 r2 + r^ 


< 




















V2 


^2 


^2 


ri 








r2 


u'2 


^2 + ^3 





i^ 





r2 


^2 + ^3 


u'2 


/ 


r4 + ri + 2r3 


+ 77' ^2 = 


= ^4 


+ 2r3 + 3ri. 





(9) 



It is clear that the determinantal varieties defined by F and F' are the 



same in the affine chart C with inhomogeneous coordinates r'2 



12. 



13 ^j.^ _ r4+r3±2ri_ Prom Theorem 3 and its proof, we know that the deter- 
minantal variety defined by F' in the above affine chart (ie.V^(p) fl C^) has 
to be the union of some hnear subset (ie., affine planes or fines in C^ which 
may not pass the origin point) if p is separable. We want to prove that this 
is impossible. 

It is easy to check that any irreducible component(see [18]) of the algbraic 
set V^(p)nC^ cannot be dimension 2 (actually it is of dimension 1 by a propo- 
sition in p. 67 of [19]). We oberseve the 1st 6 submatrix is a blocked diagonal 
matrix with 2 3x3 blocks. Let their determinants be /i, /2 ( polynomials in 
the above affine coordinates r2, rg, r'^. It is easy to see F' has rank less than 
6 when /i = /2 = 0. Thus the algebraic set V = {(^2) ''"35 ''^4) • /i = /2 = 0} 
is the sum of some irreducible components of Va{p) H C^. We just need to 
prove one of these components is not linear. 

We have /2 = (r4-r^-r^)((r^)2+(r^)^-2(r^)2+2r^r^+r^r2+r^r^+r^+r^). 
If r^ = r2+r'3 we have /i = 2(r2)^ + 2(r^)V^+4(r^)2-(r^)2 + 6r^r^-3r^-4r3 + 
1. The last polynomial g{r'2,r'^) is irreducible polynomial of r2,r3. Hence we 
know that one component V( = {{r'2,r'^,r'4) : r'^ = r'2 + ^3,5' (^2 5 ''"3) — 0} '^^ 
V is not linear. Thus p is a entangled PPT mixed state. 

For further results and analysis of algebraic-geometric and Hermitian- 
geometric properties of the algebraic sets of the mixed states in both bi- 
partite or multipartite quantum systems and their relations with quantum 
entanglement, we refer to our paper [25]. 

The author acknowledges the support from NNSF China, Information 
Science Division, grant 69972049. 
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